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We consider a 3-brane of positive cosmological constant (de Sitter) in D-dimensional Minkowski
space. We show that the Poincare´ algebra in the bulk yields a SO(4, 2) algebra when restricted to the
brane. In the limit of zero cosmological constant (flat brane), this algebra turns into the conformal
algebra on the brane. We derive a correspondence principle for Minkowski space analogous to the
AdS/CFT correspondence. We discuss explicitly the cases of scalar and gravitational fields. For a
3-brane of finite thickness in the transverse directions, we obtain a spectrum for vector gravitational
perturbations which correspond to vector mesons. The spectrum agrees with the one obtained in
truncated AdS space by de Te´ramond and Brodsky provided D = 10 and the bulk mass scale M is
of order the geometric mean of the Planck mass (M¯) on the brane and ΛQCD (M ∼ (M¯ΛQCD)
1/2
∼
109 GeV).
PACS numbers: 04.50.+h, 11.10.Kk, 11.15.Pg, 11.25.-w, 11.25.Db, 12.38.Bx
I. INTRODUCTION
The AdS/CFT correspondence [1] is by now well-
established, even though it has yet to be proved. It has
led to novel approaches to gravity and an understand-
ing of the hierarchy problem, raising the possibility of
observing strong gravitational effects at TeV scales [2].
Moreover, it has served as a useful tool in analyzing Yang-
Mills theories non-perturbatively [3]. Although the CFT
is not phenomenologically relevant, significant progress
was recently made toward extracting information related
to experiments, following the work of Polchinski and
Strassler [4]. They showed that by introducing an IR
cutoff in AdS space, one reproduces the hard scatter-
ing behavior of QCD by convoluting the string ampli-
tude (which exhibits soft high energy behavior) with AdS
wavefunctions. Subsequent work showed that this model
reproduces known theoretical and experimental results
in hadronic physics pointing perhaps to a gravity dual of
QCD [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19,
20, 21, 22, 23].
Another interesting possibility is of the extra dimen-
sions forming a flat space of large or even infinite vol-
ume [24, 25, 26]. In this case, light Kaluza-Klein modes
may dominate even at low energies [27, 28, 29], leading to
a modification of Newton’s Law of gravity at astronom-
ically large distances [30, 31, 32, 33, 34, 35, 36, 37, 38].
Reproducing the results on hardonic physics obtained in
AdS space is a challenge in flat Minkowski space due to
the lack of a holographic principle.
Here we make an attempt at understanding the spec-
trum of hadronic resonances using an extension of the
Dvali-Gabadadze-Porrati (DGP) model [27, 28]. We con-
sider a fat 3-brane of thickness ∼ 1/M in the transverse
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directions, where M is the D-dimensional bulk Planck
mass. We solve the Einstein equations for vector grav-
itational perturbations and compare the spectrum with
the masses of vector mesons. We obtain agreement with
similar results in AdS space by de Te´ramond and Brod-
sky [20] for D = 10, provided the mass scale M is
M ∼
√
M¯ΛQCD ∼ 10
9 GeV (1)
where M¯ is the four-dimensional Planck mass. Unlike
in AdS space, there is no need for an artificial IR cut-
off; the finite width of the brane acts as a natural cutoff
leading to normalizable solutions of the wave equation.
We also discuss the conformal dimensions of the corre-
sponding operators which create the hadronic resonances.
Expanding on an idea discussed in [39], we obtain a cor-
respondence principle which yields conformal dimensions
in agreement with expectations.
Our discussion is organized as follows. In section II
we show how the conformal algebra on a 3-brane in flat
Minkowski space may be obtained from the isometries
of the embedding in analogy with AdS space [1]. In
section III we consider the case of a scalar field. We
solve the wave equation and discuss the conformal di-
mensions of the corresponding operators on the brane.
In section IV we consider gravitational perturbations.
We derive the Einstein equations and solve them for vec-
tor gravitational perturbations which decouple. We ob-
tain the spectrum of normalizable modes and compare
it to similar results in truncated AdS space [20]. In sec-
tion V we present our conclusions. Pertinent results in
AdS space are summarized in Appendix A.
II. CONFORMAL ALGEBRA
The isometries of AdS space form an algebra which
is isomorphic to the conformal algebra on the bound-
ary. This is essential for the existence of the AdS/CFT
correspondence principle. In flat Minkowski space, the
2generators of isometries form the Poincare´ algebra which
is not simply related to a conformal algebra. To establish
a correspondence principle in Minkowski space, we shall
expand on an idea discussed in [39]. In order not to clut-
ter the notation, we shall work with a five-dimensional
Minkowski space spanned by coordinates XA = (X0, ~X),
~X = (X1, . . . , X4), and place the brane at the hyper-
boloid
XAXA ≡ −(X
0)2 + ~X2 = R2 (2)
Extending the discussion to higher dimensions is straight-
forward; one need simply select a flat five-dimensional
hypersurface in which to embed the brane.
The cosmological constant on this de Sitter brane is
λ =
3
R2
(3)
We recover the DGP model (flat brane) [27] in the limit
λ→ 0 (R→∞).
Let us parametrize the Minkowski space using coordi-
nates appropriate for a dS hypersurface, (u, τ, ~Ω), where
~Ω = (Ω1, . . . ,Ω4) with ~Ω2 = 1, as
X0 = u sinh τ , ~X = u cosh τ ~Ω (4)
The 3-brane (2) is then at u = R and the induced metric
reads
ds2brane = −R
2dτ2 +R2 cosh2 τ dΩ2 (5)
To map the Poincare´ generators onto the brane, note that
for u = R, the momenta may be written as
P0 =
i
R
cosh τ∂τ
~P = −
i
R
sinh τ ~Ω∂τ −
i
R cosh τ
~∇ (6)
and the generators of the Lorentz group become
M0i = −iΩi∂τ + i tanh τ∇i
Mij = −i(Ωi∇j − Ωj∇i) (7)
They are easily seen to form a SO(4, 2) algebra. The
quadratic Casimir of this algebra is
C2 =
1
2
(MABM
AB +R2PAP
A) (8)
The flat limit is obtained in the limit R→∞ by scaling
τ → τ/R , Ωi → Ωi/R (i = 1, 2, 3) (9)
In this limit, the metric on the brane (5) turns into
ds2brane ≈ dx
µdxµ = −dτ
2 + (dΩ1)2 + (dΩ2)2 + (dΩ3)2
(10)
i.e., flat Minkowski space spanned by Cartesian coordi-
nates xµ = (τ,Ω1,Ω2,Ω3).
To see the fate of the SO(4, 2) algebra, let us introduce
the operators
Mµν = Mµν , Kµ = 2R
2
(
Pµ +
Mµy
R
)
,
Pµ =
1
2
(
Pµ −
Mµy
R
)
, D = RPy (11)
In the limit R→∞, they turn into
Mµν ≈ i(xµ∂ν − xν∂µ) , Pµ ≈ i∂µ ,
D ≈ ixµ∂µ , Kµ ≈ i(x
2∂µ − 2xµx · ∂) (12)
where ∂µ = ∂/∂x
µ. These are the generators of the con-
formal group.
A primary field O∆(x) of weight ∆ satisfies
[Mµν , O∆(x)] = i(xµ∂ν − xν∂µ)O∆(x)
[Pµ , O∆(x)] = i∂µO∆(x)
[D , O∆(x)] = i(x
µ∂µ −∆)O∆(x)
[Kµ , O∆(x)] = i(x
2∂µ − 2xµx · ∂ + 2∆xµ)O∆(x)
(13)
The quadratic Casimir (8) on the primary field O∆(x)
gives
C2O∆(x) = ∆(∆− 4)O∆(x) (14)
and the two-point function is
G∆(x) ≡ 〈O∆(ξ)O∆(0)〉 ∼
1
(xµxµ)∆
(15)
Thus, we have shown that the Poincare´ generators in
the embedding are mapped onto the generators of the
conformal group on the brane. To establish this map, it
was necessary to bend the brane by introducing a small
(positive) cosmological constant λ (eq. (3)) and then take
the flat limit, λ→ 0. Next, we turn to the wave equation
in the embedding to explicitly realize a correspondence
principle in analogy with the AdS/CFT correspondence.
III. SCALAR FIELD
Here we consider a massless scalar field in D-
dimensional Minkowski space in which a 3-brane resides,
which generalizes the DGP model [27]. We solve the wave
equation in the bulk. By examining its behavior near the
brane, we realize a correspondence principle for the scalar
field. Inclusion of the brane leads to singular expressions
which ought to be regulated. We do this by giving the
brane a finite width in the transverse directions. We show
that this affects the conformal dimensions of the opera-
tors corresponding to the solutions of the wave equation.
3A. In the bulk
First, consider a flat 3-brane. Coordinates in the brane
will be denoted by xµ (µ = 0, 1, 2, 3); transverse coordi-
nates will be ya (a = 1, . . . , D−4). The brane is assumed
to be the hypersurface ~y = ~0.
The action for a massless scalar field in the bulk is
Sbulk =M
D−2
∫
d4xdD−4y∂AΦ∂
AΦ (16)
where M is the D-dimensional Planck mass. After
Fourier transforming along the brane, we obtain the D-
dimensional bulk wave equation
(∇2y + p
2)Φ(p, ~y) = 0 (17)
To solve this, expand in harmonics,
Φ(p, ~y) =
∑
L,~m
ΦL~m(p, y)YL~m(Ωy) (18)
For the Lth partial wave (suppressing the ~m indices) we
have to solve the radial wave equation
1
yD−5
(yD−5Φ′L)
′ + p2ΦL −
L(L+D − 6)
y2
ΦL = 0 (19)
whose well-behaved solution is
ΦL(p, y) = A y
−(D−6)/2H(1)α (py) , α = L+
D − 6
2
(20)
where we included a normalization constant. This leads
to the Green function
G(XA, X ′A) =
∫
d4p
(2π)4
eip·(x−x
′)Φ∗L(p, y)ΦL(p, y
′) (21)
where XA = (xµ, ya) and similarly for X ′A. After a
Wick rotation, the integral may be calculated. In the
limit y, y′ → 0 (approaching the brane), we obtain
G(XA, X ′A) ∼
(yy′)L+2
((x − x′)2)∆
, ∆ = 2+ α = L+
D − 2
2
(22)
In the case D = 10, we have ∆ = L+ 4, and the scaling
agrees with the AdS result [40]. These solutions cor-
respond to operators carrying SO(6) charge. We shall
show that the scaling dimension is modified when the
fluctuations of the brane in the transverse directions are
properly accounted for.
The above result (22) may also be derived by project-
ing the D-dimensional Green function onto the Lth par-
tial wave,
G(XA, X ′A) ∼
∫
dΩ YL~m(Ω)
1
((X −X ′)2)(D−2)/2
(23)
where
(X −X ′)2 = (x− x′)2 + y2 + y′2 − 2yy′ cos θ (24)
θ being the angle between the vectors ~y and ~y′.
For a de Sitter brane, parametrize the coordinates as
in (4), with ~X = (X1, . . . , X4). The position of the brane
is then given by
u = R , X i = 0 (i = 5, . . . , D − 1) (25)
Then the distance of two points XA and X ′A on the
brane is given by
(XA−X ′A)2 = 2R2(1+sinh τ sinh τ ′−cosh τ cosh τ ′~Ω·~Ω′)
(26)
Off the brane, we may use (24) where ~y and ~y′ are small
normal vectors. Since (23) is still applicable, we conclude
(cf. eq. (22))
G(XA, X ′A) ∼
(yy′)L+2
(1 + sinh τ sinh τ ′ − cosh τ cosh τ ′~Ω · ~Ω′)∆
(27)
where we used (26). This expression transforms appro-
priately under the SO(4, 2) algebra generated by (6) and
(7). Eq. (27) reduces to (22) in the flat-brane limit (af-
ter scaling (9) and letting R → ∞, with (x − x′)2 =
−(τ − τ ′)2 + (Ωi − Ω′i)2 (i = 1, 2, 3)).
B. On the brane
The above expressions ought to be regulated as we
approach the brane in order to obtain quantities de-
fined on the brane [28, 41]. This can be done by in-
cluding fluctuations of the brane in the transverse direc-
tions [42, 43, 44, 45]. We shall therefore assume that the
brane has a finite transverse spread given by a uniform
density σΛ(y) (y = |~y|) where 1/Λ is the width and∫
dD−4y σΛ(y) = 1 , lim
Λ→∞
σΛ = δ
D−4(~y) (28)
We shall assume that the brane is flat; including cur-
vature, as above, is straightforward. The effects of the
brane are governed by the action
Sbrane = M¯
2
∫
d4xdD−4yσΛ(y)∂µΦ∂
µΦ (29)
where M¯ is the four-dimensional Planck mass and we
assume
M ∼ Λ≪ M¯ ∼ 1019 GeV (30)
The wave eq. (17) is modified to
(
MD−2(p2 +∇2y) + M¯
2p2σΛ(y)
)
Φ(p, ~y) = 0 (31)
For an explicit calculation, choose a constant density,
σΛ(y) ∼ ωD−4Λ
D−4Θ(1/Λ− y) (32)
where ωn =
2πn/2
Γ(n/2) .
4Outside the brane (in the bulk, y > 1/Λ), the wave
equation reduces to eq. (19) for the Lth partial wave.
The solution is given by eq. (20).
Inside the brane (y < 1/Λ), the solution can be written
as
ΦbraneL (p; y) = B(yΛ)
−(D−6)/2Jα(κpy) , κ
2 = 1+
σΛM¯
2
MD−2
(33)
Matching expressions across the boundary (y = 1/Λ), we
obtain
AH(1)α (p/Λ) = BJα(κp/Λ) ,
AH(1)′α (p/Λ) = κBJ
′
α(κp/Λ) (34)
For p≪ Λ ∼M , these can be written as
−A
i
π
2αΓ(α)(p/Λ)−α = BJα(κp/Λ) ,
A
iα
π
2αΓ(α)(p/Λ)−α−1 = κBJ ′α(κp/Λ) (35)
These conditions are compatible if
(κp/Λ)J ′α(κp/Λ) + αJα(κp/Λ) = 0 (36)
or, equivalently,
Jα−1(κp/Λ) = 0 (37)
where we used the Bessel function identity
zJ ′α(z) + αJα(z) = zJα−1(z) (38)
Another identity that will be useful later is
zJ ′α(z)− αJα(z) = −zJα+1(z) (39)
Thus, we obtain the eigenvalues
p2 =
β2α−1,kΛ
2
κ2
, α− 1 = L+
D − 8
2
(40)
where βα−1,k is the kth root of Jα−1. For Λ ∼ M , we
have
p2 ∼ β2α−1,k
M4
M¯2
(41)
so p2 ≪ Λ2 ∼M2 on account of M ≪ M¯ , validating our
approximations (unless we choose a root of the Bessel
function of very high order).
To establish a correspondence principle, we ought to
determine the conformal dimension of the operator on the
brane which corresponds to these solutions of the wave
equation (eq. (33)). In the momentum regime we are
working (p≪ Λ), the tail of the wavefunction (20) in the
bulk gives a negligible contribution. An examination of
the scaling behavior of the Green function in the bulk led
to a conformal dimension ∆ = 2+α (eq. (22)). However,
this conclusion did not take into account the effects of the
finite width of the brane. We shall determine the confor-
mal dimension by calculating the Green function on the
brane. To this end, it is desirable to analytically continue
the momentum beyond the discrete spectrum (40). Then
the normalization constant B is fixed by going into the
UV regime (p2 ≫ κ2/Λ2 ∼ M¯2/M4). Defining the inner
product
〈p|p′〉 ≡ 12
∫
y<1/Λ
dD−4yΦbraneL (p; y)Φ
brane
L (p
′; y) (42)
for the wavefunctions (33) on the brane, we may approx-
imate it in the UV regime by
〈p|p′〉 ≈
ωD−4
2
B(p)B(p′)
∫ ∞
0
dy y Jα(κpy)Jα(κp
′y)
(43)
Using the orthogonality property of Bessel functions,
∫ ∞
0
dy y Jα(qy)Jα(q
′y) = 2δ(q2 − q′2) (44)
we deduce 〈p|p′〉 = δ(p2 − p′2), provided
B2 = ωD−4κ
2 ∼ ω2D−4
M¯2
M2
(45)
which is momentum-independent and may be ignored in
our subsequent discussion.
For momenta satisfying p ≪ Λ, the inner product of
two wavefunctions (33) may be computed using stan-
dard manipulations of Bessel functions. Ignoring a
momentum-independent overall factor, we obtain
〈p|p′〉 ∼
κp
ΛC(p, p′)
J ′α(κp/Λ)Jα(κp
′/Λ)
−
κp′
ΛC(p, p′)
J ′α(κp
′/Λ)Jα(κp/Λ)
(46)
where C(p, p′) = (κp/Λ)2 − (κp′/Λ)2. Using the iden-
tity (38), we may write this as
〈p|p′〉 ∼
κp
ΛC(p, p′)
Jα−1(κp/Λ)Jα(κp
′/Λ)
−
κp′
ΛC(p, p′)
Jα−1(κp
′/Λ)Jα(κp/Λ)
(47)
Evidently, for p 6= p′, we have 〈p|p′〉 = 0 for eigenstates
corresponding to the discrete spectrum (40) (obeying the
boundary condition (37)). For the normalization of these
states, we may use l’Hoˆpital’s rule on the right-hand side
of (47). In the limit p′ → p, we obtain
〈p|p〉 ∼
1
2
[Jα−1(κp/Λ)]
2 −
αΛ
κp
Jα−1(κp/Λ)Jα(κp/Λ)
+
1
2
[Jα(κp/Λ)]
2 (48)
5which reduces to
〈p|p〉 ∼
1
2
[Jα(κp/Λ)]
2 (49)
for momenta satisfying the boundary condition (37).
The Green function on the brane is defined by averag-
ing the two-point function (21) over the transverse spread
of the brane,
Gbrane(xµ, x′µ) ≡
∫
dD−4y σΛ(y)G(x
µ, ~y;x′µ, ~y) (50)
Using the wavefunctions on the brane (33), we may write
this Green function in terms of the inner product (42) as
Gbrane(xµ, x′µ) ∼
∫
d4p
(2π)4
eip·(x−x
′)〈p|p〉 (51)
In the small momentum (IR) limit, eq. (48) gives
〈p|p〉 ∼ p2(α−1) (52)
leading to the scaling behavior
Gbrane(xµ, x′µ) ∼
1
((x − x′)2)∆
, ∆ = 1+ α (53)
in disagreement with the bulk result ∆ = 2+α (eq. (22)).
Notice that the bulk result is also obtained if we na¨ıvely
extrapolate (49), which is only valid for the discrete spec-
trum (40), to the IR regime. We have argued that the
correct analytic continuation is provided by (48) and
not (49), the latter being a special case of the former.
The bulk result (22) does not lead to the correct cor-
respondence principle for operators on the brane, unless
the observable cannot “see” the brane (which may be the
case with certain gravitational perturbations). In gen-
eral, a calculation on the brane is needed for the analysis
of conformal behavior.
IV. GRAVITATIONAL FIELD
A. Field equations
As for a scalar, the action for the gravitational field
also consists of a bulk term and a brane term. The bulk
term is simply the D-dimensional Einstein-Hilbert action
Sbulk =M
D−2
∫
dDX
√
− det g R(D) (54)
where g is the D-dimensional metric generating the D-
dimensional Ricci scalar R(D).
We obtain the brane contribution to the action by di-
mensional reduction. Working with a flat brane at ~y = ~0,
where XA = (xµ, ~y), we may decompose the metric as
ds2 ≡ gABdx
AdxB
= g¯µνdx
µdxν + gˆab(dy
a +Aaµdx
µ)(dyb +Abµdx
µ)
(55)
Assuming no dependence on the transverse directions, ~y,
the Ricci scalar may be written as [46]
R(D) = R¯(4) −
1
4
∂µ(ln det gˆ)∂
µ(ln det gˆ)
−
1
4
gˆabgˆcd∂µgˆac∂
µgˆbd −
1
4
gˆabF
a
µνF
bµν (56)
where R¯(4) is the four-dimensional Ricci tensor generated
by g¯µν and
F aµν = ∂µA
a
ν − ∂νA
a
µ (57)
The brane term is
Sbrane = M¯
2
∫
d4xdD−4y
√
− det g¯σΛ(y)R
(D) (58)
where we included the effects of fluctuations in trans-
verse directions given in terms of the profile function σΛ
(eq. (28)).
Let us perturb around the Minkowski flat background
gAB = ηAB + hAB (59)
Varying the action S = Sbulk+Sbrane, given by eqs. (54)
and (58), with respect to hAB, we obtain the Einstein
field equations. To solve these equations, in general, is
challenging, because different gravitational perturbations
are coupled to each other [43].
Here we concentrate on the fluctuations generated by
the off-diagonal components of the metric (vector poten-
tial),
haµ = Aaµ (60)
We obtain the field equation
MD−2(∂A∂
Ahaµ − ∂µ∂
AhaA − ∂a∂
AhµA + ∂µ∂ah
A
A)
+ M¯2σΛ(y)∂
νFaµν = 0 (61)
Choosing the harmonic gauge,
∂AhAB =
1
2
∂Bh
A
A (62)
eq. (61) simplifies to
MD−2∂A∂
AAaµ + M¯
2σΛ(y)∂
νF aµν = 0 (63)
This field equation is consistent provided
∂µA
aµ = 0 (64)
(as for a massive vector field) in which case (63) reads
MD−2∂A∂
AAaµ + M¯
2σΛ(y)A
a
µ = 0 (65)
Thus we obtained a wave equation for vector gravita-
tional perturbations decoupled from all other modes.
This equation is of the same form as the scalar wave
equation (31). As we discussed in section III, the field
6with angular momentum L in the transverse directions
(SO(D − 4) quantum number) corresponds to an opera-
tor on the brane of conformal dimension
∆ = 1 + α = L+
D − 4
2
(66)
where we used eqs. (53) and (20). Moreover, the solu-
tion of the wave equation (65) leads to the discrete spec-
trum (40).
B. Vector mesons
A vector meson of internal angular momentum L has
non-vanishing coupling to the interpolating operator [20,
47, 48]
OµL+3 = ψ¯γ
µD{µ1 . . . DµL}ψ (67)
where Dµ = ∂µ + igYMAµ, and we have taken the trace-
less symmetric part of the tensor. This operator has di-
mension ∆ = L+ 3.
Our earlier results on the correspondence between vec-
tor perturbations of the metric (60) and operators on the
brane of conformal dimension given by (66) are not di-
rectly applicable to the interpolating operators (67). This
is because the angular momentum quantum number ap-
pearing in (66) represents rotation in the transverse direc-
tions, whereas the operators in (67) have spin along the
directions of the brane. In AdS space one obtains agree-
ment in the conformal dimensions of these two types of
operators, corresponding to strings spinning transversely
and along the brane, respectively, in the limit of large di-
mensions with logarithmic corrections [49]. A similar ar-
gument should apply to our case of flat Minkowski space
for D = 10. To map the isometries onto the conformal
group of the brane, it is necessary to treat the brane as
the flat-space limit of a de Sitter brane, as discussed in
section II.
Consequently, for D = 10 and large L, the interpo-
lating operator (67) corresponds to the Lth partial wave
solution of (65). The conformal dimension deduced ear-
lier (eq. (66)) for D = 10 is ∆ = L + 3, in agreement
with the QCD result for the operator (67). Moreover, the
spectrum deduced from the wave equation (65), given by
eq. (40) with D = 10,
p2 =
β2L+1,kΛ
2
κ2
≈ β2L+1,k
M4
ω6M¯2
(68)
where we used Λ = M and eqs. (32) and (33). This
coincides with the spectrum derived in truncated AdS
space [20] provided we choose the ten-dimensional mass
scale to be
M = (π3/2M¯ΛQCD)
1/2 ∼ 109 GeV (69)
as advertised (eq. (1)). As was shown in [20], this
spectrum is in good agreement with experimental re-
sults [50]. It should be noted that in our case, there was
no need for an arbitrary IR cutoff. An effective cutoff
was provided by the finite transverse width of the brane,
1/Λ ∼ (M¯ΛQCD)
−1/2. We chose a crude profile for the
brane (step function (32)). The prediction (68) of the
spectrum may be improved upon by a refinement of the
profile function (32).
V. CONCLUSIONS
In conclusion, we have discussed a correspondence
principle for a 3-brane in D-dimensional flat Minkowski
space in analogy with the AdS/CFT correspondence [1].
Expanding on an idea discussed in [39], we showed that
the isometries of the embedding, generating the Poincare´
group, can be mapped onto a SO(4, 2) algebra on the
brane if the latter is a de Sitter hypersurface. In the flat
limit (zero cosmological constant), this SO(4, 2) algebra
turns into the conformal algebra on the 3-brane. We then
realized a correspondence principle by considering fields
with finite angular momentum in the transverse direc-
tions and showed that they led to a scaling behavior of
the Green function in analogy with the results on the
boundary propagator in AdS space [40]. We discussed
a subtlety related to the correct analytic continuation
of the spectrum of the D-dimensional wave equation to
arbitrary momenta which affected the determination of
the conformal dimension of the corresponding operator
on the brane. Finally, we applied our results to the case
of vector mesons which corresponded to vector gravita-
tional perturbations in the bulk. We obtained a spectrum
which was in agreement with AdS results [20] provided
we chose D = 10 and the ten-dimensional mass scale as
in (1).
Extending the discussion to other hadronic resonances
entails a more complete solution of the ten-dimensional
Einstein equations. Fermions may also be included by
extending the model to supergravity. Work in this direc-
tion is in progress.
APPENDIX A: REVIEW OF ADS
Here we review the pertinent features of AdS space for
comparison with our results in flat Minkowski space. The
wave equation for a massless scalar in AdS5 × S
5 is [40]
∂2zφ−
3
z
∂zφ+ p
2φ−
L(L+ 4)
z2
φ = 0 (A1)
where pµ is the four-momentum on the boundary (z → 0)
and L is the S5 angular momentum. The solution is
φ(p; z) = Bz2Jν(pz) , ν = L+ 2 (A2)
The normalization constant is fixed by imposing the nor-
malization condition
(p|p′) ≡
∫ ∞
0
dz
z3
φ∗(p; z)φ(p′; z) = δ(p2 − p′2) (A3)
7leading to a momentum-independent B.
The propagator is given by
G(x, z;x′, z′) =
∫
d4p
(2π)4
e−ip·(x−x
′)φ∗(p; z)φ(p; z′)
(A4)
from which one may deduce the boundary propagator in
the limit z, z′ → 0. We obtain
G(x, z;x′, z′) ∼ (zz′)ν+2
∫
d4p
(2π)4
e−ip·(x−x
′)p2ν
∼
(zz′)∆
((x− x′)2)∆
, (A5)
where ∆ = ν + 2 = L+ 4.
We wish to consider wavefunctions which live on the
boundary but have a finite extent in the bulk direction z,
0 ≤ z ≤ z0 where z0 is to be identified with the QCD scale
(z0 = 1/ΛQCD) [20]. This cutoff z0 breaks conformal
invariance and can be thought of as providing a finite
width for the brane residing on the boundary of AdS.
Then CFT observables must be defined by averaging over
the transverse width of the brane. Let us then define the
boundary propagator by
G(x, x′) ∼
∫ z0
0
dz
z3
G(x, z;x′, z) (A6)
The conformal limit is recovered in the IR (pz0 ≪ 1),
because for small p, we have Jν(pz) ∼ (pz)
ν , therefore
G(x, x′) ∼ z2(ν+2)
∫
d4p
(2π)4
e−ip·(x−x
′)p2ν ∼
z2∆
((x− x′)2)∆
,
(A7)
in agreement with eq. (A5).
If we impose the boundary condition
Jν(pz0) = 0 (A8)
the momentum p is discretized,
p2 =
β2ν,k
z20
, Jν(βν,k) = 0 (A9)
Thus, p & o(1/z0). These momenta no longer satisfy the
requirement pz0 ≪ 1 and we are outside the conformal
regime. Notice that for the discrete spectrum (A9),
∫ z0
0
dz
z3
[φ(p; z)]2 =
1
2
[Jν+1(pz0)]
2 (A10)
Na¨ıvely analytically continuing this to low momenta,
we obtain a behavior of p2(ν+1) which yields the wrong
boundary propagator (cf. eq. (A7)). To do the analytic
continuation correctly, we ought to first calculate the in-
ner product
(p|p′) =
∫ z0
0
dz
z3
φ(p; z)φ(p′; z) (A11)
which vanishes for p, p′ obeying (A9) with p 6= p′, and
then take the limit p′ → p. This yields
(p|p) =
1
2
[Jν(pz0)]
2 −
ν
pz0
Jν(pz0)Jν+1(pz0)
+
1
2
[Jν+1(pz0)]
2 (A12)
which reduces to (A10) for momenta satisfying the quan-
tization condition (A8). Continuing this to low momenta,
we obtain (p|p) ∼ p2ν and we recover eq. (A7), as ex-
pected.
The discussion of the wave equation for a vector in AdS
space is similar [51].
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